Let X 1 ; Y 1 ; :::; X n ; Y n be a random sample from a bivariate distribution function F in the domain of max-attraction of a distribution function G. This G is characterised by the two extreme value indices and its spectral or angular measure. The extreme value indices determine both the marginals and the spectral measure determines the dependence structure of G. One of the main issues in multivariate extreme value theory is the estimation of this spectral measure. We construct a truly nonparametric estimator of the spectral measure, based on the ranks of the above data. Under natural conditions we prove consistency and asymptotic normality for the estimator. In particular, the result is valid for all values of the extreme value indices. The theory of local empirical processes is indispensable here. An application is given.
Introduction
In two-dimensional space as in one-dimensional space, if one has to do inference in the tail of a distribution outside the range of the observations, a rational way to proceed is to use extreme value theory, i.e. to model the tail asymptotically as an extreme-value distribution. In order to turn this into a useful tool, one has to estimate the parameters of the tted extreme-value distribution. In fact there is no nite-dimensional parametrisation in the higher-dimensional case: the probability distribution is characterised by the extreme value indices and an arbitrary nite measure, the spectral or angular measure. The estimation of this spectral measure is one of the main issues in multivariate extreme value theory. In this paper a natural non-parametric estimator is constructed and its asymptotic properties are derived. In order to describe the setup, wehave to start by explaining the probabilistic background. Let X ; Y; X 1 ; Y 1 ; X 2 ; Y 2 ; :::; X n ; Y n be i.i.d. with common distribution function F .
Suppose that there are norming constants a n ;c n 0 and b n ;d n such that the sequence of distribution functions P max 1in X i , b n a n x; max 1in Y i , d n c n y converges to a limit distribution function, say Gx; y, with non-degenerate marginals, i.e. lim n!1 F n a n x + b n ;c n y+d n =Gx; y 1 for all but countably many x and y. The two marginal distribution functions are automatically extreme value distribution functions and wechoose the constants a n , c n , b n and d n such that Then there is a nite measure on 0;=2 , the spectral measure, such that 1^cot d=1: This is a variant, useful for our purposes, of the usual representation, cf. de Haan and Resnick 1977 , Deheuvels 1978 and Pickands 1981 . For more background material see Einmahl, de Haan and Sinha 1997. An alternative useful way to express 1 is lim n!1 n1 , F a n x + b n ;c n y+d n = , log Gx; y:
A continuous version also holds, lim for all but countably many . Note that we simpli ed the notation: := 0; . In order to turn the left-hand side of 9 into an estimator for , we have to replace F 1 and F 2 and the unknown probability measure P with empirical counterparts. In Einmahl, de Haan and Sinha 1997 this has been done by replacing P with the empirical measure and the tails 1 , F 1 x and 1 , F 2 y with the tted Pareto tails, We shall prove that is weakly consistent for provided k = kn ! 1, kn = on, n ! 1, and strongly consistent if moreover kn= log log n ! 1, n ! 1. We shall give further conditions on and the sequence kn that ensure asymptotic normality. The estimator seems natural, since it is essentially the empirical distribution function. Although the mathematical details of the derivation are delicate, the asymptotic results are rather simple and valid for all i 2 R; i =1;2. The non-parametric estimator seems to perform well in applications, better than the semi-parametric one described above cf. de Haan and de Ronde 1998 or the reports on the Neptune project, Draisma et al. 1996 Draisma et al. , 1997 Apart from Einmahl, de Haan and Huang 1993 and Einmahl, de Haan and Sinha 1997 we are not aware of other work on estimating the spectral measure starting from observations in the domain of attraction. There are several proposals for estimating the measure starting from such observations: Huang 1992 cf. Drees and Huang 1998 , de Haan and Resnick 1993 , Abdous, Ghoudi and Khoudraji 1997 and in a restricted parametric context, Tawn 1988 , Coles and Tawn 1991 , Joe, Smith and Weissman 1992 . The paper Deheuvels and Martynov 1996 considers observations taken from the limit distribution itself.
If one takes any of the mentioned estimators for and one uses it to estimate the extremevalue distribution G via 2 and 7: this leads to an estimator of G that is itself not necessarily an extreme value distribution only max-in nitely divisible. If one estimates G via 2 using , one does get an extreme value distribution.
Apart from this, is useful for assessing the amount of independence in the tail of F. Note that G has independent marginals if and only if is concentrated on f0;=2g. is also necessary as a building block for the analysis of probabilities of rare sets in an extreme value context de Haan and Sinha 1997.
The writeup is for the two dimensional situation. The higher dimensional case can be dealt with in a similar way, but the technical details are much more involved.
The results are presented in Section 2. The proof of the main Theorem is given in Section 3. Section 4 contains an application.
Main Results
Our point of departure is now 6 or 8, that is, we consider a probability measure P on in the vague topology. The rest of the proof is the same as in the rst part.
2
We will now consider the process p k , ; 2 0;=2 : We will assume that the density of exists and that it is continuous on 0; 1 2 nf0; 0g. Let C n 0; 1 2 n 1; 1 be a sequence of sets. Write C n x=C n fxg 0; 1 and assume C n is such that C n x is of the form fxg 0;b n x , 0;b n x = ; possibly for some Here it should be noted, especially for p = 0, that the V p;; do not blow up" as n !1. Let us consider T 2 now. For T 2 , and also for T 1 ,we will replace z n;^ v 2n 1+ p k1 ,x tan by z n; x in the right-hand side of 27, since it can be shown that the di erence between these two expressions is negligible. 
